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Abstract In this paper, we determine all the positive integers a, b and c such that
every nonnegative integer can be represented as
fa,bc (x, y, z, w) = ax
2 + by2 + c(z2 + zw + w2) with x, y, z, w ∈ Z.
Furthermore, we prove that fa,bc can represent all the nonnegative integers if it represents
n = 1, 2, 3, 5, 6, 10.
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1 Introduction
Throughout this paper, set N = {1, 2, 3, . . .} and N0 = {0, 1, 2, 3, . . .}. Z denotes the set
of rational integers. In addition, the triangular numbers are tx = x(x + 1)/2, (x ∈ N0)
and the squares are y2, (y ∈ Z). Furthermore, a, b and c are fixed positive integers with
1 ≤ a ≤ b.
Lagrange proved that every n ∈ N0 is a sum of four squares. Noted is that Jacobi [6]
showed this fact using the elliptic function theory.
Ramanujan [7] determined all the positive integers a, b, c and d such that every n ∈ N0
is represented as ax2 + by2 + cz2 + du2 with x, y, z, u ∈ Z. He proved that there exist
fifty-four such quadruples (a, b, c, d) with 1 ≤ a ≤ b ≤ c ≤ d. A proof of this fact is
contained in Dickson [4].
The aim of this paper is to determine all the positive integers a, b and c with a ≤ b
such that every n ∈ N0 can be represented as
fa,bc (x, y, z, w) = ax
2 + by2 + c(z2 + zw + w2)
with x, y, z, w ∈ Z. Furthermore, we prove that fa,bc can represent all the nonnegative
integers if it represents n = 1, 2, 3, 5, 6, 10. Our main theorem is as follows:
Theorem 1.1. For positive integers a, b and c with a ≤ b, set
fa,bc (x, y, z, w) = ax
2 + by2 + c(z2 + zw + w2), (x, y, z, w ∈ Z).
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(1) fa,bc can represent any nonnegative integers if and only if
(a, b, c) =


(1, b, 1) (b = 1, 2, 3, 4, 5, 6),
(2, b, 1) (b = 2, 3, 4, 5, 6, 7, 8, 9, 10),
(1, b, 2) (b = 1, 2, 3, 4, 5),
(1, 2, 3),
(1, 2, 4).
(2) If fa,bc represents n = 1, 2, 3, 5, 6, 10, then it can represent all the nonnegative inte-
gers.
Remarks
Theorem 1.1 (2) is the restriction of “The 290-theorem” to the forms ax2 + by2 + c(z2 +
zw + w2). Bhargava and Hanke [1] proved “The 290-theorem”.
Theorem 1.2. (“The 290-theorem”) If a positive-definite quadratic form with integer
coefficients represents the 29 integers
1, 2, 3, 5, 6, 7, 10, 13, 14, 15, 17, 19, 21, 22, 23, 26,
29, 30, 31, 34, 35, 37, 42, 58, 93, 110, 145, 203, 290,
then it represents all positive integers.
For the proof of Theorem 1.1, following Ramanujan, we introduce
ϕ(q) =
∑
n∈Z
qn
2
, ψ(q) =
∞∑
n=0
q
n(n+1)
2 , a(q) =
∑
m,n∈Z
qm
2+mn+n2 , (q ∈ C, |q| < 1),
and use the following identities:
a(q) = a(q4) + 6qψ(q2)ψ(q6). (1.1)
ϕ(q)ϕ(q3) = a(q4) + 2qψ(q2)ψ(q6). (1.2)
For the proof of these formulas, see Berndt [2, pp. 232] and Hirschhorn et al. [5].
Acknowledgments
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2 Notations and preliminaries
For the fixed positive integers a, c and each n ∈ N0, we define
fac (x, y, z) = ax
2 + c(y2 + yz + z2),
and
Aac (n) = ♯
{
(x, y, z) ∈ Z3 |n = fac (x, y, z)
}
.
Moreover, for the fixed positive integers α, β, γ and each n ∈ N0, we set
rα,β(n) =♯
{
(x, y) ∈ Z2 |n = αx2 + βy2
}
,
tα,β(n) =♯
{
(x, y) ∈ N20 |n = αtx + βty
}
,
rα,β,γ(n) =♯
{
(x, y, z) ∈ Z3 |n = αx2 + βy2 + γz2
}
,
mα-β,γ(n) =♯
{
(x, y, z) ∈ Z× N20 |n = αx
2 + βty + γtz
}
.
3 The case where c = 1
Lemma 3.1. Suppose that a ≤ b, c = 1 and fa,bc (x, y, z, w), (x, y, z, w ∈ Z) represent
any nonnegative integers n ∈ N0. Then, a = 1, 2.
Proof. The lemma follows from the fact that n = 2 cannot be written as z2 + zw + w2
with z, w ∈ Z.
3.1 The case where a = 1
We use the following result of Dickson [4, pp. 112-113]:
Lemma 3.2. n ∈ N0 can be written as x
2 + y2 + 3z2 with x, y, z ∈ Z if and only if
n 6= 9k(9l + 6), (k, l ∈ N0).
By Lemma 3.2, we have the following proposition:
Proposition 3.3. n ∈ N0 can be written as x
2 + (y2 + yz + z2) with x, y, z ∈ Z if and
only if n 6= 9k(9l + 6), (k, l ∈ N0).
Proof. Multiplying both sides of equations (1.1) and (1.2) by ϕ(q), we have
ϕ(q)a(q) =ϕ(q)a(q4) + 6qϕ(q)ψ(q2)ψ(q6), (3.1)
ϕ(q)2ϕ(q3) =ϕ(q)a(q4) + 2qϕ(q)ψ(q2)ψ(q6). (3.2)
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which implies that
∞∑
n=0
A11(n)q
n =
∞∑
n=0
A14(n)q
n + 6q
∞∑
N=0
m1-2,6(N)q
N ,
∞∑
n=0
r1,1,3(n)q
n =
∞∑
n=0
A14(n)q
n + 2q
∞∑
N=0
m1-2,6(N)q
N .
Therefore, it follows that
n 6= 9k(9l + 6), (k, l ∈ N0)⇐⇒ r1,1,3(n) > 0
⇐⇒ A14(n) > 0 orm1-2,6(n− 1) > 0,
⇐⇒ A11(n) > 0,
which proves the proposition.
By Proposition 3.3, we obtain the following theorem:
Theorem 3.4. f 1,b1 can represent any nonnegative integers n ∈ N0 if and only if b =
1, 2, 3, 4, 5, 6.
Proof. The “only if” direction follows from Proposition 3.3. In order to establish the “if”
direction, we have only to prove that f 1,b1 represents n = 9l + 6, (l ∈ N0).
When b = 1, 2, 3, 4, 5, taking y = 1, we have
n− by2 = 9l + 6− b · 12 ≡ 5, 4, 3, 2, 1 mod 9,
which can be written as x2 + (z2 + zw + w2) with x, z ∈ Z.
Suppose that b = 6. If n = 6, 15, or l ≡ 2, 8mod 9, taking y = 1, we obtain
n− 6 · 12 = 9l, (l = 0, 1 or l ≡ 2, 8mod9),
which can be represented as x2 + (z2 + zw + w2) with x, z ∈ Z.
If l ≥ 2 and l 6≡ 2, 8mod 9, taking y = 2, we have
n− 6 · 22 = 9l + 6− 24 = 9(l − 2),
which can be written as x2 + (z2 + zw + w2) with x, z ∈ Z.
4
3.2 The case where a = 2
We use the following result of Dickson [3]:
Lemma 3.5.
(1) n ∈ N0 can be written as x
2 + 2y2 + 3z2 with x, y, z ∈ Z if and only if n 6= 4k(16l +
10), (k, l ∈ N0).
(2) n ∈ N0 can be written as x
2 + 2(y2 + yz + z2) with x, y, z ∈ Z if and only if
n 6= 4k(8l + 5), (k, l ∈ N0).
By Lemma 3.5, we have the following proposition:
Proposition 3.6. n ∈ N0 can be written as 2x
2 + (y2 + yz + z2) with x, y, z ∈ Z if and
only if n 6= 4k(16l + 10), (k, l ∈ N0).
Proof. Multiplying both sides of equations (1.1) and (1.2) by ϕ(q2), we have
ϕ(q2)a(q) =ϕ(q2)a(q4) + 6qϕ(q2)ψ(q2)ψ(q6), (3.3)
ϕ(q)ϕ(q2)ϕ(q3) =ϕ(q2)a(q4) + 2qϕ(q2)ψ(q2)ψ(q6). (3.4)
which implies that
∞∑
n=0
A21(n)q
n =
∞∑
N=0
A12(N)q
2N + 6q
∞∑
N=0
m1-1,3(N)q
2N ,
∞∑
n=0
r1,2,3(n)q
n =
∞∑
N=0
A12(N)q
2N + 2q
∞∑
N=0
m1-1,3(N)q
2N .
Suppose that n is even and n = 2N. Therefore, it follows that
n 6= 4k(16l + 10), (k, l ∈ N0)⇐⇒ r1,2,3(n) > 0
⇐⇒ A12(N) > 0
⇐⇒ A21(n) > 0.
Suppose that n is odd and n = 2N + 1. Therefore, it follows that
n 6= 4k(16l + 10), (k, l ∈ N0)⇐⇒ r1,2,3(n) > 0
⇐⇒ m1-1,3(N) > 0
⇐⇒ A21(n) > 0.
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By Proposition 3.6, we obtain the following theorem:
Theorem 3.7. Suppose that 2 ≤ b. Then, f 2,b1 can represent any nonnegative integers
n ∈ N0 if and only if b = 2, 3, 4, 5, 6, 7, 8, 9, 10.
Proof. The “only if” direction follows from Proposition 3.6. In order to establish the “if”
direction, we have only to prove that f 2,b1 represents n = 16l + 10, (l ∈ N0).
When b 6= 2, 10, taking y = 1, we have
n− by2 = 16l + 10− b · 12 6≡ 0, 8, 10 mod 16,
which can be written as 2x2 + (z2 + zw + w2) with x, z ∈ Z.
When b = 2, taking y = 2, we obtain
n− 2 · 22 = 16l + 10− 8 = 16l + 2,
which can be represented as 2x2 + (z2 + zw + w2) with x, z ∈ Z.
We last suppose that b = 10. If n = 10, 26, taking y = 1, we obtain
n− 10 · 12 = 0, 16,
which can be written as 2x2 + (z2 + zw + w2) with x, z ∈ Z.
If l ≥ 2, taking y = 2, we have
n− 10 · 22 = 16l + 10− 40 = 16(l − 2) + 2,
which can be represented as 2x2 + (z2 + zw + w2) with x, z ∈ Z.
3.3 Summary
By Theorems 3.4, 3.7 and their proofs, we obtain
Theorem 3.8. Let a, b be positive integers with a ≤ b.
(1) fa,b1 can represent any nonnegative integers if and only if (a, b) are given by
(a, b) =
{
(1, b) (b = 1, 2, 3, 4, 5, 6),
(2, b) (b = 2, 3, 4, 5, 6, 7, 8, 9, 10).
(2) If fa,b1 represents n = 1, 2, 6, 10, it can represent all the nonnegative integers.
Furthermore, we obtain the following theorem:
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Theorem 3.9. For fixed positive integers, a, c, set
fac (x, y, z) = ax
2 + c(y2 + yz + z2) with x, y, z ∈ Z.
There exists no positive integers, a, c such that fac can represent every natural number.
Proof. Suppose that there exist such positive integers, a, c. Taking n = 1, we have a = 1
or c = 1.
Suppose that a = 1. The choice n = 2 implies that c = 1, 2. On the other hand, if
(a, c) = (1, 1), (1, 2), by Proposition 3.3 and Lemma 3.5, we see that there exist positive
integers which cannot be expressed by f 11 or f
1
2 , which is contradiction.
Suppose that c = 1. The choice n = 2 implies that a = 1, 2. If (a, c) = (1, 1), (2, 1),
by Propositions 3.3 and 3.6, we see that there exist positive integers which cannot be
expressed by f 11 or f
1
2 , which is contradiction.
Remark
In [4, pp.104], Dickson proved that there exist no positive integers, a, b, c, such that
ax2 + by2 + cz2, (x, y, z ∈ Z) can represent all positive integers.
4 The case where c = 2
Noting that a = 1 if fa,b2 can represent any nonnegative integers, by Lemma 3.5 (2), we
obtain the following theorem:
Theorem 4.1. Suppose that 1 ≤ a ≤ b. Then, fa,b2 can represent any nonnegative integers
n ∈ N0 if and only if a = 1 and b = 1, 2, 3, 4, 5.
Proof. The “only if” direction follows from Lemma 3.5 (2). In order to establish the “if”
direction, we have only to prove that f 1,b2 represents n = 8l + 5, (l ∈ N0).
We first treat the case where b = 1. Taking y = 2, we obtain
n− 1 · 22 = 8l + 5− 4 = 8l + 1,
which can be represented as x2 + 2(z2 + zw + w2) with x, z ∈ Z.
When b = 2, 3, 4, taking y = 1, we have
n− by2 = 8l + 5− b · 12 ≡ 3, 2, 1 mod 8,
which can be written as x2 + 2(z2 + zw + w2) with x, z ∈ Z.
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We last suppose that b = 5. If l = 0, 1, taking y = 1, we obtain
n− 5 · 12 = 8l + 5− 5 = 0, 8,
which can be represented as x2 + 2(z2 + zw + w2) with x, z ∈ Z.
If l ≥ 2, taking y = 2, we have
n− 5 · 22 = 8l + 5− 20 = 8(l − 2) + 1,
which can be written as x2 + 2(z2 + zw + w2) with x, z ∈ Z.
By the proof of Theorem 4.1, we obtain
Theorem 4.2. If fa,b2 represents n = 1, 5, it can represent all the nonnegative integers.
5 The case where c = 3
We use the result of Dickson [4, pp. 112-113]:
Lemma 5.1. n ∈ N0 can be written as x
2 + 3y2 + 9z2 with x, y, z ∈ Z if and only if
n 6= 3l + 2, 9k(9l + 6), (k, l ∈ N0).
By Lemma 5.1, we have the following proposition:
Proposition 5.2. n ∈ N0 can be written as x
2 + 3(y2 + yz + z2) with x, y, z ∈ Z if and
only if n 6= 3l + 2, 9k(9l + 6), (k, l ∈ N0).
Proof. Replacing q by q3 in equations (1.1) and (1.2), we have
a(q3) =a(q12) + 6q3ψ(q6)ψ(q18),
ϕ(q3)ϕ(q9) =a(q12) + 2q3ψ(q6)ψ(q18).
Multiplying both sides of these equations by ϕ(q), we have
ϕ(q)a(q3) =ϕ(q)a(q12) + 6q3ϕ(q)ψ(q6)ψ(q18), (5.1)
ϕ(q)ϕ(q3)ϕ(q9) =ϕ(q)a(q12) + 2q3ϕ(q)ψ(q6)ψ(q18). (5.2)
which implies that
∞∑
n=0
A13(n)q
n =
∞∑
n=0
A112(n)q
n + 6q3
∞∑
N=0
m1-6,18(N)q
N ,
∞∑
n=0
r1,3,9(n)q
n =
∞∑
n=0
A112(n)q
n + 2q3
∞∑
N=0
m1-6,18(N)q
N .
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Therefore, it follows that
n 6= 3l + 2, 9k(9l + 6), (k, l ∈ N0)⇐⇒ r1,3,9(n) > 0
⇐⇒ A112(n) > 0 orm1-6,18(n− 3) > 0,
⇐⇒ A13(n) > 0,
which proves the proposition.
Noting that a = 1 if fa,b3 can represent any nonnegative integers, we obtain the follow-
ing theorem:
Theorem 5.3. fa,b3 can represent any nonnegative integers n ∈ N0 if and only if a = 1
and b = 2.
Proof. Let us first prove the “only if” direction. Proposition 5.2 implies that b = 1, 2.
Assume that b = 1 and
n = 6 = x2 + y2 + 3(z2 + zw + w2) with x, y, z, w ∈ Z,
which implies that z2 + zw + w2 = 1, 6= 0, 2. It then follows that x2 + y2 = 3, which is
impossible.
In order to establish the “if” direction, we have only to prove that f 1,b3 can represent
n = 3l + 2, 9l + 6, (l ∈ N0).
Suppose that n = 3l + 2. We first treat the case where l ≡ 0mod 3. It is obvious that
f 1,23 can represent n = 2. When l ≥ 1 and l ≡ 0mod3, we obtain
n− 2 · 22 = 3l + 2− 8 = 3(l − 2),
which can be written as x2 + 3(z2 + zw + w2) with x, z ∈ Z.
When l ≡ 1mod 3, taking y = 1, we have
n− 2y2 = 3l + 2− 2 = 3l,
which can be written as x2 + 3(z2 + zw + w2) with x, z ∈ Z.
Assume that l ≡ 2mod 3. For l = 2, 5, 8, taking y = 2, we have
n− 2 · 22 = 3l + 2− 2 · 22 = 0, 9, 9 · 2,
which can be represented as x2 + 3(z2 + zw + w2) with x, z ∈ Z. If l ≥ 11 and l =
3L+ 2, (L ∈ N0), taking y = 4, we have
n− 2 · 42 = 3l + 2− 2 · 42 = 3{3(L− 3) + 1},
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which can be written as x2 + 3(z2 + zw + w2) with x, z ∈ Z.
We last suppose that n = 9l + 6. Taking y = 1, we have
n− 2y2 = 9l + 6− 2 = 9l + 4 ≡ 1mod 3,
which can be represented as x2 + 3(z2 + zw + w2) with x, z ∈ Z.
By the proof of Theorem 5.3, we obtain
Theorem 5.4. If fa,b3 represents n = 1, 2, 6, it can represent all the nonnegative integers.
6 The case where c = 4
We use the following result of Dickson [4, pp. 112-113]:
Lemma 6.1. n ∈ N0 can be written as x
2 + 4y2 + 12z2 with x, y, z ∈ Z if and only if
n 6= 4l + 2, 4l + 3, 9k(9l + 6), (k, l ∈ N0).
By Lemma 6.1, we have the following proposition:
Proposition 6.2. n ∈ N0 can be written as x
2 + 4(y2 + yz + z2) with x, y, z ∈ Z if and
only if n 6= 4l + 2, 4l + 3, 9k(9l + 6), (k, l ∈ N0).
Proof. Replacing q by q4 in equations (1.1) and (1.2), we have
a(q4) =a(q16) + 6q4ψ(q8)ψ(q24),
ϕ(q4)ϕ(q12) =a(q16) + 2q4ψ(q8)ψ(q24).
Multiplying both sides of these equations by ϕ(q), we have
ϕ(q)a(q4) =ϕ(q)a(q16) + 6q4ϕ(q)ψ(q8)ψ(q24), (6.1)
ϕ(q)ϕ(q4)ϕ(q12) =ϕ(q)a(q16) + 2q4ϕ(q)ψ(q8)ψ(q24). (6.2)
which implies that
∞∑
n=0
A14(n)q
n =
∞∑
n=0
A116(n)q
n + 6q4
∞∑
N=0
m1-8,24(N)q
N ,
∞∑
n=0
r1,4,12(n)q
n =
∞∑
n=0
A116(n)q
n + 2q4
∞∑
N=0
m1-8,24(N)q
N .
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Therefore, it follows that
n 6= 4l + 2, 4l + 3, 9k(9l + 6), (k, l ∈ N0)⇐⇒ r1,4,12(n) > 0
⇐⇒ A116(n) > 0 orm1-8,24(n− 4) > 0,
⇐⇒ A14(n) > 0,
which proves the proposition.
Noting that a = 1, b = 2 if fa,b4 can represent any nonnegative integers, we obtain the
following theorem:
Theorem 6.3. fa,b4 can represent any nonnegative integers n ∈ N0 if and only if a = 1
and b = 2.
Proof. The “only if” direction is obvious. In order to establish the “if” direction, we have
only to prove that f 1,24 represents n = 4l + 2, 4l + 3, 9l + 6, (l ∈ N0).
Suppose that n = 4l + 2. If l 6≡ 0, 6mod9, taking y = 1, we have
n− 2y2 = 4l + 2− 2 = 4l,
which can be represented as x2 + 4(z2 + zw + w2) with x, z ∈ Z. If l ≡ 0, 6mod9, taking
y = 3, we obtain
n− 2y2 = 4l + 2− 2 · 32 = 4(l − 4),
which can be represented as x2 + 4(z2 + zw + w2) with x, z ∈ Z.
Suppose that n = 4l + 3. If l 6≡ 2, 8mod9, taking y = 1, we have
n− 2y2 = 4l + 3− 2 = 4l + 1 6≡ 0, 6mod9,
which can be represented as x2 + 4(z2 + zw + w2) with x, z ∈ Z. If l ≡ 2, 8mod9, taking
y = 3, we obtain
n− 2y2 = 4l + 3− 2 · 32 = 4(l − 4) + 1 ≡ 2, 8mod9,
which can be represented as x2 + 4(z2 + zw + w2) with x, z ∈ Z. It is easy to check that
f 1,24 can represent n = 11.
Suppose that n = 9l + 6. If l ≡ 0mod 4 and l = 4L, (L ∈ N0), taking y = 5, we have
n− 2y2 = 9l + 6− 2 · 52 = 4{9(L− 2) + 7},
which can be written as x2 + 4(z2 + zw + w2) with x, z ∈ Z. It is easy to check that f 1,24
can represent n = 6, 42.
11
If l ≡ 1mod 4, taking y = 1, we have
n− 2y2 = 9l + 6− 2 · 12 = 9l + 4 ≡ 1mod 4,
which can be represented as x2 + 4(z2 + zw + w2) with x, z ∈ Z.
If l ≡ 2mod 4 and l = 4L+ 2, (L ∈ N0), taking y = 4, we have
n− 2y2 = 9l + 6− 2 · 42 = 4(9L− 2),
which can be written as x2 + 4(z2 + zw + w2) with x, z ∈ Z. It is easy to check that f 1,24
can represent n = 24.
If l ≡ 3mod 4, taking y = 2, we have
n− 2y2 = 9l + 6− 2 · 22 = 9l − 2 ≡ 1mod 4,
which can be represented as x2 + 4(z2 + zw + w2) with x, z ∈ Z.
By the proof of Theorem 6.3, we obtain
Theorem 6.4. If fa,b4 represents n = 1, 2, 3, it can represent all the nonnegative integers.
7 The case where c ≥ 5
7.1 The case where c = 5
Theorem 7.1. There exist no positive integers a, b such that 1 ≤ a ≤ b and fa,b5 can
represent any nonnegative integers n ∈ N0, where
fa,b5 (x, y, z, w) = ax
2 + by2 + 5(z2 + zw + w2).
Proof. Suppose that there exist such positive integers a and b. Considering n = 1, we
have a = 1. Taking n = 2, we obtain b = 1, 2. Considering n = 3, we have (a, b) = (1, 2).
Take n = 10. Then, n cannot be written as x2 + 2y2 with x, y ∈ Z, which implies
that z2 + zw + w2 = 1, because 2 cannot be represented as z2 + zw + w2 with z, w ∈ Z.
Therefore, it follows that 5 = 10− 5 · 1 can be written as x2 +2y2 with x, y ∈ Z, which is
impossible.
7.2 The case where c ≥ 6
Theorem 7.2. There exist no positive integers a, b, c such that 1 ≤ a ≤ b, c ≥ 6 and fa,bc
can represent any nonnegative integers n ∈ N0.
Proof. Suppose that there exist such positive integers a, b and c. Considering n = 1, we
have a = 1. Taking n = 2, we obtain b = 1, 2. Considering n = 3, we have (a, b) = (1, 2).
On the other hand, n = 5 cannot be written as x2 + 2y2 with x, y ∈ Z.
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8 Proof of Theorem 1.1
Proof. Theorem 1.1 (1) follows from Theorems 3.8, 4.1, 5.3, 6.3, 7.1 and 7.2. Theorem
1.1 (2) follows from Theorems 3.8, 4.2, 5.4, 6.4, 7.1 and 7.2.
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